In most of transportation literature, users are assumed to be perfectly rational in minimizing their own travel costs or perceived travel costs. However, users may not be perfectly rational in implementing their choices in reality. There exists a kind of boundedly rational users, that is, oblivious users. These oblivious users make their route choices by simple criteria, for example, selecting the shortest (or the most direct) route only based on physical distance or simply following routes recommended by a GPS system. This paper investigates how the existence of oblivious users affects the equilibrium bus line choice behavior in a public transit system. And we propose a method to design a more realistic system.
Introduction
The purpose of this paper is duple to advance our understanding on the boundedly rational behavior of public transit users when choosing bus lines in a transit network and to design a more realistic public transit system when considering the boundedly rational users.
In the literature, user equilibrium models play an important role in the traffic assignment problems. By assuming that all road users behave in a completely rational way and seeking to minimize their own disutility, Wardrop [1] defined a state of route choice, the so-called user equilibrium (UE). At the UE state, no user can further improve her or his utility by unilaterally changing routes. By relaxing some of the behavioral restrictions implied in a strict deterministic disutility minimization rule, Daganzo and Sheffi [2] developed a stochastic user equilibrium (SUE) model that considers the travelers' imperfect perceptions of travel times. The SUE is achieved when users can no longer change their perceived utility. Existence and uniqueness of UE or SUE in general networks have been well investigated in the literature, including the solution methods for obtaining these two states; see Sheffi [3] and Yang and Huang [4] for more details.
The third equilibrium type is boundedly rational user equilibrium (BRUE). As a relaxation of perfect rationality and optimality, the notion of bounded rationality was proposed by Simon [5] and introduced to traffic modeling by Mahmassani and Chang [6] . It has been shown that bounded rationality is important in many contexts (see, e.g., Conlisk [7] and references cited therein). In the transportation field, Mahmassani and Chang [6] studied the existence, uniqueness, and stability properties of BRUE in the standard singlelink bottleneck network. Many simulation and experimental studies have incorporated the travelers' boundedly rational behavior (e.g., Hu and Mahmassani [8] , Mahmassani and Liu [9] , and Mahmassani [10] ). Lou et al. [11] are the first to systematically examine the mathematical properties of BRUE in a network traffic assignment context. More specifically, as reported in Mahmassani and Chang [6] and discussed by Lou et al. [11] and Di et al. [12] , BRUE flow distributions in a static network may not be unique and the set of all possible BRUE flow distributions is a nonconvex and nonempty set.
Recently, Karakostas et al. [13] extended the traditional UE models by considering one kind of boundedly rational users, that is, oblivious users. These users decide their routing only according to the shortest paths observed on a map.
The above studies are only subject to private car systems. In this paper, we will proceed to our study in a public transit system. In the microeconomic analysis of urban public transportation, two types of resources have to be taken into account: those provided by operators, such as vehicles, fuel, terminals, or labor, and those provided by users, namely, their time, usually divided into waiting, access for, and in-vehicle times. In addition, Kraus [14] , Lam et al. [15] , and Huang et al. [16] introduced the concept of body crowding cost which is related to the passenger/capacity ratio. After Vickrey's view [17] , Mohring [18] constructed a microeconomic model to determine optimal frequency of buses serving a corridor with fixed demand. The main result was that frequency should be proportional to the square root of demand, and this happened only because all resources (operators' and users' cost) were considered when finding the minimum cost operation. JaraDíaz et al. [19] analyzed and compared the total value of the resources consumed (operators' and users' time) under four line structures. The role of users' costs was shown to be crucial. This approach has evolved along the last decades, improving our understanding on public transport operations. These studies are based on a strict hypothesis that all users are perfectly rational. In reality, however, most of the users may be boundedly rational in choosing the bus lines.
There is a kind of users, called oblivious users, who make their bus lane choices without caring about the delay and in-carriage congestion experienced. Their decisions rely on simple criteria, for example, finding the most direct line from the transit map. Recently, Raveau et al. [20] , through analyzing actual data, verified such an observation that between two routes with identical trip users prefer the most direct route to indirect one with transfer. They also found that the perceptions of transport users regarding available route alternatives are such that they do not always choose what the modeler would consider as the "lowest cost" option. Inspired by this finding, we are naturally interested in the following questions: how the existence of oblivious users affects the equilibrium bus line choice behavior in public transit system and how to design a more realistic transit system when oblivious users exist.
The remainder of this paper is organized as follows. In Section 2, we model the equilibrium bus line choice behavior in a transit network with oblivious users. In Section 3, considering the design variable, that is, bus frequency, we design the system. Section 4 concludes the paper.
Problem Formulation
In order to explore the analytical results, we proceed to the study in a simple transit network as shown in Figure 1 .
In Figure 1 , node represents the residential zone generating commuters to the central business district (CBD) at node . Suppose that at nodes and , there are buses departing from these two nodes.
Under this setting, two bus lines, Line A and Line B, are designed to serve the demand . In Figure 1 , the chain dotted curve is Line A and the solid curve is Line B. Line A sends buses from to directly. Line B has a transfer stop at node . The transfer is needed for users who choose Line B.
We assume that the percentage of oblivious users among all commuters is (0 ≤ ≤ 1). Following the empirical study of Raveau et al. [20] , we further assume that all oblivious users only choose Line A and other users are rational to choose one of the two lines according to the user equilibrium principle.
The total cost experienced by a commuter who travels from to by choosing Line , = {A, B}, can be formulated as
where and V are the prices of waiting and in-vehicle times, respectively, and V are the average waiting time at bus stops and in-vehicle time associated with Line , respectively, is the body congestion cost occurring in bus carriage for Line , and is the transit fare of Line .
The body congestion cost is formulated by
where is the passenger/capacity ratio. For obtaining the analytical results, we assume in this paper that ( ) is a linearly increasing function of the ratio; that is, ( ) = .
For 0 ≤ ≤ 1, all passengers can find seats and the body congestion does not exist, so = 0. In this paper, the capacity is simply defined as the total number of seats provided by a bus line.
For a constant arrival rate of passengers and regular bus headways, the average waiting time A for the commuters who choose Line A is
where A is the bus frequency of Line A. Because the commuters who choose Line B have to transfer at node , their average waiting time is
where B is the bus frequency of Line B. The in-vehicle time includes the bus running time, the time waiting for other commuters' boarding at origin, and the time waiting for other commuters' alighting at destination. For different bus lines, the in-vehicle time is different.
For Line A, the in-vehicle time is 
An equilibrium state is reached when all commuters are satisfied with their bus line choice. In other words, oblivious users choose Line A, and other rational users experience identical and minimal travel cost no matter they choose which line.
For facilitating the presentation of the essential idea, we assume that the passenger/capacity ratio of each line is larger than 1 and = V = . Based on these assumptions, the perfectly rational user equilibrium solution ( A , B ), that is, when A = B and = 0, is easily found. It follows that
where is the bus capacity of Line , = {A, B}. Clearly, the above bus line split solution is affected by the bus cycle running time, bus frequency, capacity, and fare. Next, we derive some results in three special cases.
Case I ( A = B = , A = B = , and A ̸ = B ). Equation (7) becomes
Case III ( A = B = , A = B = , and A ̸ = B ). Equation (7) becomes
When oblivious users are considered, that is, > 0, the following proposition can be obtained. Proof. Substituting (2) to (6) 
Obviously, in (11) the total cost experienced by a commuter choosing Line A (or B) is linearly increasing with respect to the number of passengers choosing Line A (or B).
Consider a corner of the initial state that all oblivious users choose Line A and all rest rational users choose Line B.
If
≤ A , some rational users who have higher cost
in Line B will switch to Line A until the equilibrium state
the oblivious users who choose Line
A are satisfied with their choice; meanwhile the rest rational users who choose Line B incur lower cost and will not change their choice. So the equilibrium state is ( , (1 − ) ).
In this proposition, the parameter is crucial and can be calibrated by empirical survey (e.g., stated preference survey).
Transit System Design
In this section, we only consider the situation that > A in which the equilibrium state ( , (1 − ) ) is affected by oblivious users. In order to find the design variable, for example, frequency , the total value of the resources (VRC) consumed by operators and users per hour has to be minimized as shown in (12) . The first term on the right-hand side of (12) corresponds to the operation cost of fleet sizes times operational costs. The fleet of each line results from the product of frequency times its cycle time . In the operational cost we consider a constant term 0 and a variable term that grows with the size of the vehicle, 1 . The second term on the right-hand side of (12) represents the total users' costs including the waiting costs, in-vehicle costs, and body congestion cost. Note that the total cost should not include the transit fare. We then have a minimization problem for each line as follows: 
Similarly, the cycle time for Line B is
Solving the minimization problem (12) 
Proof. For Line A, the VRC can be written as a function of frequency only as follows:
where is a constant term, = ( 
Making it equal to zero and noting that the second derivative is positive, we get the optimal frequency of Line A:
Similarly, we can get the optimal bus frequency of Line B, as given by (16).
Conclusions
In this paper, we studied the equilibrium bus line choice behavior with oblivious users and investigated how the equilibrium state is affected by these users. We further optimized each line's bus frequency of the transit system. Oblivious users are those who stubbornly adhere to some options, regardless of actual conditions. Obviously, such users or passengers indeed exist in reality. Hence, we have to consider them when formulating the option choice model. Our on-going work is to calibrate the model parameters and extend the proposed approach to explore the types of behavior in more complex transit networks.
